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METOA PEAYKIIVH ITPOCTPAHCTBA COCTOAHUI
AAA PEIITIEHUMA 3AAAYH OITTUMAABHOT O YITPABAEHUA!

V. A. Bereznev, A. 1. Diveev

STATE SPACE REDUCTION METHOD FOR OPTIMAL CONTROL PROBLEM

Annomayun. PaccmarpuBaercsi 3a1ada ONTHMAJIBHOTO
ynpaBieHus ¢ (pa3oBBIMH OTpaHUUCHUAMH. st permenns
3aJa4l HMCIIONB3YeTCs METOJ| PEeAyKLUUHM MHPOCTPAaHCTBA
COCTOSHUH. MeToJ COCTOUT B TOM, YTOOBI yMEHBIINTH
pPa3sMEpHOCTh NMPOCTPAHCTBA COCTOSIHUM OOBEKTa yMpaB-
senust. J{nst 3Tol 1enn 4acTb KOMIIOHEHT BEKTOpa COCTO-
SIHUH 3aMeHsieTcs] QyHKUUSAMU BPEMEHH U3 MPEII0JIoNKe-
HHUS 00 ONTHMAJILHOM IIOBECACHHWHN 3THUX KOMIIOHCHT U HUX
¢u3nueckux cBoiicTBax. B pesyiprare moiaydaem Moens
00beKTa yNpaBJlIeHHUs B BHJE CHCTEMBI OOBIKHOBEHHBIX
muddepeHMaNbHBIX YpaBHEHHH MEHBIIEro MHOpsaKa U
KyCOYHO-(YHKIIMOHAIbHBIC YPaBHEHHS C HEM3BECTHBIMU
napaMeTpamMH U1 OCTaJIbHBIX KOMIIOHEHT BEKTOpa CO-
crostauii. [lanee ¢opMynupyeM HOBYIO 3ajady ONTH-
MaQJIBHOTO YIPABJIECHUS B TPOCTPAHCTBE COCTOSHHUH
MeHblIeH pa3MmepHocTu. IIpu pemieHnn HOBOM 3aaauu
ONITHMAJIBHOTO YHPABJICHUA HEKOTOPHIE KOMIIOHEHTHI
BEKTOpa YIpaBJIeHUs] HAXOJUM M3 (GOpMbl pyHKIHMIT MC-
KIIFOUEHHOW 4YacTH KOMIIOHEHT BEKTOpa IIPOCTPaHCTBa
cocTosiHUM. B kadyecTBe mpumepa paccMOTpeHa 3ajada
ONTHMAJILHOTO YIPAaBJICHUS MOOMJIBHBIM POOOTOM, JBHU-
XKYIIUMCS Ha IJIOCKOCTH C KPYroBBIMHU (ha30BBIMHU Orpa-
HUYECHUAMU. B pesynbrare NpUMEHEHUs METOJA PELyK-
UM TPOCTPAHCTBA  COCTOSIHMH  OBIIO  cjienaHo
MIPEATNOIOKEHHE, YTO YToJl MOBOpOTa poOOTa Ha OINTH-
MaJIbHOH TPaeKTOPHU MPUHUMAET JINOO0 TOCTOSIHHBIC 3Ha-
YeHHs, MO0 SBIACTCS JTUHEWHOW (yHKIHMEH BpEMEHH.
JlaHHOE TIpenrnonoXKeHne MO3BOIIIO TPaHC(HOPMUPOBATH
3ajady ONTHMAJIBHOTO YIpaBICHHS POOOTOM K 3ajaade
ONITIMAJIHOTO JBIKCHMS TOYKM Ha ITOcKocTH. M3Bect-
HbIe (pOpMBI PYHKINH U3MEHEHHUS yTiia MOBOPOTa podoTa
IIO3BOJIMJIM OIIPEAEIUTh KJIAcC YIIPABJICHUN U1 OQHOU U3
KOMIIOHEHT BEKTOpa ympasiieHus. B HOBoil 3a1aue onTu-
MaJIBHOTO YTIPaBJIEHUS OTCYTCTBYET YIroJ IOBOPOTa PoO-
00Ta, TO3TOMY ONTUMAJIbHAS TPACKTOPHS JIBIKEHUS TOY-
KM JIOJDKHA MMETh HaMMEHBIIYIO JIMHY. OnTHMaibHas
TPAaEeKTOpUS JBUKEHUS COCTOUT M3 KYCKOB NPSAMBIX OT-
PEe3KOB, KacaTeNbHBIX K KpPYrOBBIM OIPAHUYEHUSIM, U
KpPYTOBBIX AYT, PAaCHON0KEHHBIX HA IPAHULAX OrpaHHYe-
HUU. [ MOCTPOEHUsT ONTUMAIbHOM TPACKTOPUU B HO-
BOM 3a7ade HEOOXOANWMO OMPEACIHUTH MOPSIOK OTPaHH-

Abstract. The problem of optimum control with phase re-
strictions is considered. For the solution of a task origi-
nally the dimension of the state space decreases at the ex-
pense of a hypothesis of behavior of a part of coordinates
of a vector of states. As a result we receive a set of equa-
tions of a smaller order and the piece -functional the func-
tions equations with unknown parameters for other com-
ponents of a vector of states. Further we formulate a new
problem of optimum control in the state space of a small-
er order for which solution we use a hypothesis of behav-
ior of a part of coordinates of the state space. For an ex-
ample the problem of optimum control of the mobile
robot moving on the plane with circular obstacles is con-
sidered. As a result of a aplication of the method the task
is transformed to a problem of a movement of a point on
the plane which solution is performed by graph theory
and geometrical ratios. The computing experiment
showed effectiveness of the offered method on value of
the used functional. The optimal control problem with
phase restrictions is considered. For the solution of the
task a state space reduction method is used. The method
consists in reducing dimension of states' space for control
object. For this purpose a part the component of a vector
of states is replaced function of time from the assumption
of optimum behavior of these a component and their
physical properties. As a result we receive model of an
object of management in the form of the system of the
ordinary differential equations of a smaller order and the
piecewise and functional equations with unknown param-
eters for the others a component of astates' vector. Further
a new problem of optimum control in space of states
smaller dimension is formulated. At the solution of the
new optimal control problem some components of a con-
trol vector are found from a form of functions for the ex-
cluded part of the states' space vector. As an example the
optimal control problem of the mobile robot moving on
the plane with circular phase restrictions is considered.
As a result of application of the state space reduction
method the assumption was made that the angle of rota-
tion of the robot on an optimum trajectory accepts or con-
stant values, or is linear function of time. This assumption
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HAAEKHOCTD 11 KAYECTBO CAOKHBIX CUCTEM

YEeHUH, MO TpaHuIlaM KOTOPBIX JOJDKHA TPOWTH OMNTH-
MallbHasl TpaekTopus. [is peneHus 5Toi noazagadn Qa-
30Bbl€ OTPaHMYEHHUS PACCMATPUBAIOTCS KaK BEPIUIUHBI
rpada W MpH 3TOM HCIHOJIB3YETCs] aNropuT™M JIeHKCTpHI
TIONCKa KpaTJaidliero myTu Ha rpage. B pesynbsrare mc-
MOJIb3YEMbIX METOJOB OBLIO TMOJydeHO 3HayeHue (yHK-
IIMOHaJla B ABa pa3a MEHbBINE, YeM JUI PEIIeHHs, IOITy-
YEHHOTO 3BOJIFOIINOHHBIM aITOPUTMOM.

Ne 3 (27), 2019

allowed to transform the optimal control problem of the
robot to a problem of the optimal movement of a point on
the plane. Known forms of function for change of a rota-
tion angle of the robot allowed to define a class of control
for a component of a control vector. In a new optimal
control problem there is no angle of rotation of the robot
therefore the optimal trajectory of the movement of a
point has to have the smallest length. The optimal trajec-

tory of the movement consists of pieces of direct pieces,
tangents to circular restrictions, and the circular arches
located on borders of restrictions. For creation of an op-
timum trajectory in the new task it is necessary to define
an order of restrictions on which borders there has to pass
the optimal trajectory. For the solution of this subtask a
set of phase restrictions are considered as top of the count
and Dijkstra's algorithm of search of the shortest way on
the column is used. As a result of the used methods the
value of functional twice smaller, than for the solution
that was received by an evolutionary algorithm.

Knrouesvle cnosa: 3amada OnTHMAanbHOrO YIPaBICHUS,
Teopus rpadoB, 3a1ada O KpaTyaiiieM MyTH, YIPaBICHHE
MOOHIBHBIM POOOTOM.

Keywords: optimal control problem, graph theory, short-
est path problem, control for mobile robot.

3agada ONTHUMAIBHOTO yIpaBlieHUs [1], HECMOTpSI Ha TOJITYIO0 UCTOPHIO, SBIACTCS OAHOU M3 CIIOXK-
HEUIINX MaTeMaTHYeCKUX 3aJ[ad, JJIsi KOTOPOH He CO3/IaHO YHHBEPCAILHOTO BBIYHCIUTEIHLHOTO METOJA.
[TonpITKM CO3MaTh BRIYMCIUTEILHBIN METONI Ha OCHOBE METOJIOB HEIMHEWHOTO MporpaMMupoBanus [2, 3]
HE YBEHYAIIUCh YCIIEXOM KaK JJIsl MPSMOTO MOAX0/1a, OCHOBAHHOTO Ha HETIOCPEICTBEHHOM TTOUCKE (DyHKITHH
ONTUMAJIBHTOTO YIIPABICHUS, TaK U IS PEIICHUS KPaeBOW 3314y WIM HEMPSMOTO TOX0/a, HCIIOIB3YI0-
mero npuHIHN Makcumyma [lonTpsirmaa [1]. Ha oTCyTCTBHE YHUBEpCAIHHOTO BBIUYMCIHUTEIHHOTO METOA
JUTSE 3a/1a49H ONITHMAJIBHOTO YIIPABIICHHUS YKa3bIBaeT XOTs ObI TOT (paKT, 4TO TAKOTO METOJ]a HET B M3BECTHBIX
MaTematndyeckux nakerax MatlLab [4], Mathematica [5], Maple [6].

B nomaBstrorieM OOJBIIIMHCTBE CITydaeB CETOIHS MPEBAIMPYET TEHACHINS PEAyKINN 3aa9d ONTH-
MaJIBHOTO YIIPABIICHHUS K 3a/1auye HEIMHEHHOTO MPOTrpaMMHUPOBaHUs [7] M TOMBITKA €€ PEUICHUS KaKHM-
160 3(pPEeKTHBHBIM YMCICHHBIM METOJIOM ONTHMHK3anuu. [lo-BHANMOMY, OCHOBHAS MPHYMHA HEyAad I10-
CTPOCHHUS YHUBEPCAIBHOTO YMCIEHHOTO METO/a AJISl PEIICHUS 33a]Ia4ll ONTUMAILHOTO YIIPABICHUS 3aKIIIO-
4yaeTcsd B TOM, 4TO (pyHKIIMOHAJ 331a4d He BCerJa OTBeYaeT TPeOOBAHUAM YHIUMOAAIBFHOCTH U BBITYKIOCTH
Ha MMPOCTPAHCTBE MCKOMBIX MApPaMETPOB, & OOJILIIIMHCTBO KJIACCHUECKUX YHCICHHBIX METOJIOB HEJIMHEWHO-
TO MPOTPaMMHUPOBaHUs TpeOyeT IMEHHO TaKUX CBOWCTB 1eneBoi (pyHKimnu. CTpOrux METO0B MCCIEI0Ba-
HUSl YHUMOJAJIbHOCTH MHTErPAILHOTO (DYHKIIMOHAA B 3a/1a4e ONTUMAJIBHOTO YIIPABJICHUsI MTOKa HE CO3/a-
HO, HO, HampuMmep, B padore [§] mMoOKa3aHO, YTO B 3ajade ONTUMAIBHOTO YMIpaBlIeHHS C (Ha30BBIMU
OTpaHUYEHHUSAMH LENeBOH (YHKUUOHA MMEEeT Ooyiee OIHOIO JIOKaJbHOTO MUHMMyMa. ClenoBaTesbHO,
CKOpee BCETr0 YHHBEPCAIBHBIN YMCIEHHBIH METOJ PemleHHs 3aladil ONTHMAJIbHOTO YIPABIEHUS TOJDKEH
OBITH TIOCTPOEH HAa OCHOBE METOJIOB TNI00aNbHON ONTUMH3ALWH. 31eCh ClelyeT OTMETHThb, YTO TOYHOE pe-
IIeHNE 33]]a91 TII000IEHON ONTHMH3AIHH [9] BO3MOKHO TOJIBKO IS 33729 HEOOJBIIION pa3MEPHOCTH H3-3a
HEOOXOAMMON MpoueAypbl mepedopa obnacTeli moucka pemieHus. B 3amaue onTUMaNbHOTO YIPaBICHHS,
HampyuMep MpH TPSIMOM ITOAXOJE, Pa3MEPHOCTh MPOCTPAHCTBA MCKOMBIX ITapaMETPOB IPOIIOPIIHOHATHHA
KOJIMYECTBY MHTEPBAJIOB Pa30MeHUst ocH BpeMeHU. YeM O0JIbIlle HHTEPBAJIOB, TEM TOYHEE allpPOKCHMAIIHS
(GYHKIIMHE ONTHMAaJIbHOTO yrpaBieHus. CienoBaTenbHO, TOYHBIE METOMABI PEIIeHHS 3a/1a4 TII00ambHON OIl-
TUMU3AIUH IS 331249 ONTHMAJIBHOTO YIIPABJICHUS B OOJNBIIUHCTBE CIy4YacB HEe MpuMeHuMbl. HeoOxoaumo
WCTIOJB30BaTh METO/BI cirydaiiHoro moucka [10] niu sBonroriionHbIe anroputmsl [11]. B padore [12] mpu-
BEJICHBI PE3ybTaThl BEIYUCIUTEIHLHOTO SKCIIEPUMEHTA 110 CPABHCHHIO TPAANCHTHBIX YHUCICHHBIX METOJIOB
Y 3BOJIIOIMOHHBIX AJTOPUTMOB ISl PEIICHUS 33J]Ja4d ONTUMAIBHOTO YIIPABICHUS MOOWIBHBIM POOOTOM C
(ha30BBIMU OTpaHUUEHUSIMH. Pe3ybTaThl pabOThI IOKAa3bIBAIOT OYEBHIHOE MMPEHUMYIIIECTBO YBOJIOIUOHHBIX
aITOPUTMOB TIPH PEIISHUH STOW 3a][auH.

[TockonbKy pemieHwust, HaliJIeHHbIE YBOJIOIMOHHBIMA aJTOPUTMaMHU, HE SIBIISIOTCS B CTPOTOM CMBICIIS
pEIIeHNeM 3a/1a4¥ ONITUMAIBHOTO YIIPABICHHS U MPUMEHEHHNE UX IeJIeCO00Pa3HOCTH OIPENesIeTCs JIUITh
3HAYEHUEM HalJeHHOro ()yHKIMOHAIA, TO OYEBUAHO, YTO B JAHHOM CIIy4ae BO3MOXKHO HCIIOJIb30BaHUE U
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CDyHAaMeHTaAI)HI)IC OCHOBBI HpO6ACM HAACKHOCTH M KAa4€CTBa

JOpYTUX TOAXOJOB, HANPABJICHHBIX Ha TPaHC(POPMAIUIO MCXOAHOW 3aJadd K HEKOTOPOW Ipyroil 3ajiaue,
pelIeHne KOTOPOW TaKkKe He SIBJIAETCS CTPOro ONTHMAaiIbHBIM, HO MOXET JaBaTh NMPUEMIIUMBIEC 3HAUEHUS
¢yHkunonana. B Hactosmel paboTe npeacTaBieH OOUH U3 TAKMX METOAOB, OCHOBAaHHBII Ha YMEHBIICHUN
Pa3MEpHOCTH NTPOCTPAHCTBA COCTOSHUM.

PaccMoTpuM TpamuIMOHHYIO TIOCTAaHOBKY 3aJaudl YIpaBJieHUs ¢ (a30BBIMH orpaHuueHusiMu. [1po-
LieCC yNpaBJeHUS B TAKOH [TOCTAaHOBKE ONMUCHIBaeTCs AU depeHINaNbHEIM YPaBHEHHEM

x(t) = f(x,u), )

rae x(t)e R, — Bekrop coctosiHus; u(t)e R, — BeKTOp ynpaBiaeHUs, IPUYEM Ha yIpaBIeHUe u(t) 3aaHbl
€CTECTBEHHBIC OTPaHHUYCHUS

u <u@)<u’, )

rae u ,u' € R, , a Ui BEKTOpa COCTOSHHUS 3aaHbl HAYaIbHOE M KOHEYHOE (TEPMUHAIIBHOE) COCTOSHUS

x(0)=x", x(f)=%. 3)
3amaH QyHKIIMOHAT KadecTBa
i
J = [ fy(x,u)dt — min . (4)
0
3ananbl hazoBbIle OrpaHUICHUS
0,(x)<0, i=1s. (%)
Heo0xomumo HaliTH onTUMabHOE yIpaBlieHHE B BUIE QYHKIIUA BPEeMEHH
u=it), (6)

KOTOPOE yIOBJIETBOPSET OTPaHUUICHUSAM (2) U MO3BOJSIET PEUICHUIO0 cHCTeMBI (1) MTOCTHYh M3 HAYaIBHOTO
COCTOSIHMSI TEpPMHUHAIBHOE (3) ¢ ONTUMAIbHBIM 3HAYECHHEM KpUTEpHs KaduecTsa (4).

[TycTs U3BECTHO MM BO3MOXKHO U3 0COOCHHOCTEH 3a/1a4M MPENOJI0KHUTh, YTO YaCTh KOMIIOHEHT BEK-
TOpa COCTOSHHI TPEACTaBIsET COOOW HM3BECTHBIE IO 3HAYSHHWH MapaMeTpoB (DYHKIIUM BPEMEHHU, TOTAA
MO>XHO YMEHBIIINTH Pa3MEPHOCTh BEKTOPA COCTOSHUH M TOTYYUTHh HOBYIO 33/1ady ONTHMAaJIFHOTO YITpaBiie-
HUS MEHBILIEH pPa3MEepHOCTH

()= f(x X2 (,9).u), (7

rae x=[x'ix’]", x'€ R, , X’ € R, , ¢ — BEKTOp NOCTOSHHBIX N1APAMETPOB

n 2

gq=lq"...q4"1" . ®)

Tenepr HEOOXOAMMO HAWTHU ONTHMAJIbHOE yrpaBiieHUE (6) U BEKTOpP MOCTOSHHBIX MapamerpoB (8),
HO y’Ke JUI 33724y MEHbLIEH Pa3MEPHOCTH 7, < 11 .

Paccmotpum mpumep pemieHust 3a1a4l ONTUMAIBLHOTO yIPABICHUS MOOWIBHBIM POOOTOM Ha TIOC-
koctH [13]. MaTemarndeckas MOAENb OOBEKTA YIPABICHUS UMEET CICTYIOIINN BU/:

X, =u,COSX;, X, =u,sinx;, X, =u,. ©)

Jlnst Mozieny 3a/1aHbl HadallbHbIE M TEPMUHAIBHBIE YCIOBUS (3).
3agaHbl KpYroBbie ()a30BbIe OrPaHUYCHHS

rl.z—(xii—xlf—(x;i—xz)zSO, i=ls, (10)

* *
rJe 7; — pajuyC OTPaHUYEHus i ; X,;, X,, — KOOPJMHATHI LIEHTPA OTPAaHUYEHHUS i .

1

3a;[aH (I)yHKI_II/IOHaJ'I Ka4yCCTBa yIpaBJICHUSA

J=t, —min. (11)
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HAAEKHOCTD 11 KAYECTBO CAOKHBIX CUCTEM Ne 3 (27), 2019

[Tpennonoxum, 4To KOMIIOHEHTA X, , yTOJl HallpaBJIeHUs: poOoTa Ha ONTUMAIBHOI TPaeKTOpUH 100

HC MCHJCTCHA, 00 MEHSETCS JIMHEHHO BO BPEMCHU:

Guisls €CTM Gy ) SE<qy; , —

%)= =1L, (12)

G4iy» CCIH (4 , S1<q,,
rae ¢, =0.
Toraa nosyyaem CIeayIONIyI0 CHCTEMY yPABHEHEHHUS IBHKEHHS TOUKU Ha TIOCKOCTH

X, =u,cosX,(t), X, =u,sinx,(t). (13)

BwMmecte ¢ YIIpaBJICHUEM U, H606XO,I[I/IMO CIc HalTH KOMIIOHEHTHI BCKTOpa 1apamMeTpoB

q:[ql"'q4L]T’ (14)

KOTOPBIE ONPEEINAIOT HHTEPBAIBI BPEMEHN U YepeIyIOIIrecs 10 WHTepBalaM BPEMEHU CKOPOCTH M3MeHe-
HHsI KOMIIOHEHTBI X; M €€ IIOCTOSIHHBIE 3HAUEHHUI.

PaccmoTpuM Teneps IIIOCKYIO 3aaady, koraa x(f)€ R,. B aToM ciydae KpyroBble NpENATCTBUS 3a-

MAKOTCs. KOOP/IMHATAMHU B R, LEHTPOB KPyroB ¢’ u ux pamuycamu 7;, j=1,s. Takum oGpasom, pa3zoBbie

Ol“paHI/I‘IGHPISI l'IpI/IHI/IMaI-OT BHU]
Px(t)-c’, j=Ls. (15)

3amaya 3aKII0YaeTCsl B TAKOM BBIOOpE u(f) , P KOTOPOM ¢ TPUHUMAET MUHUMAIBHOE 3HAUCHHE U

BBITIOJIHCHO YCJIOBUC
Px(t)—XP<e, (16)

rae € >0 — HEeKOTOpoe 3aJJaHHOE MaJloe YHCIIO.

[Ipu mpakTHYeCKOM pelIeHUH 33Ja4d IOMUMO 3aaHHsI KOHKPETHBIX 3HaueHud f(x,u) U mapamer-
poB ycnoBuii (13)—(16) Tpebyercst BBIOpaTh Kiacc (YHKIIHA, U3 KOTOPOTO BHIOMpaeTCs ynpaBieHue u(t) .
Pemiasi KOHKpETHO 3a/1a4y yNpaBlIeHUsT MOOMIBLHBIM poOOTOM, B Ka4eCTBE YIIPABIICHUSI €CTECTBEHHO pac-
CMaTpHUBaTh JMHEHHYIO CKOPOCTH ABWKEHHUS POOOTa M BHIOMpATh €€ M3 KJlacca HEMPEepBIBHBIX KYCOYHO-
TMHEHHBIX (YHKUWH. BTOpeIM mapaMeTpoM yIpaBieHUs! OOBIYHO MPUHATO CYUTATH MOJIOXKEHUE PYJIIsl WIK
KoJsiec poOota. MBI BepHEMCSI K 00CYKAEHHIO 3TOro Bompoca mno3xe. VMcxons n3 oObeKTUBHBIX TEXHHYE-
CKUX XapaKTepUCTUK JIOO0ro po0dOTa, €CTECTBEHHO CUMUTATh MPOM3BOJAHYIO KyCOUHO-THHEHHON (QyHKIMH
YIPaBJIEHUs OTPAaHUYEHHOM. T.€. |u'(f) |< 8 myst mo6oro ¢. DTo MOHATHO, TaK KaK ¥ YCKOPEHHE NPH Habope
YCTPOMCTBOM CKOPOCTH JI0 HEKOTOPOM MAKCHMAalbHO BO3MOXKHON u#' W OTpPHMIATENLHOE YCKOpeHHe (Top-
MOJKEHHE) B €CTECTBEHHBIX YCJIOBHMAX OrpaHM4YeHbl. Mbl OyJeM cuuTaTh MX IOCTOSHHBIMHM M 0003HAa4aTh
YCKOPEHHE Yepe3 ' , a TOPMOKEHHE — Yepe3 @ .

[IpencraBuB 3agady B TpaauuuoHHON moctaHoBke (13) — (16), mombiTaeMcsi CGOPMYITHPOBATh €€
B HEKOTOPOH anbTepHaTHBHOHN (opme. [lelcTBUTENbHO, 33aa4a 00 ONTHMAaIbHOM OBICTPOJACHCTBUH MpPH
HaJM4uH (a30BbIX OrPaHUYEHHH MMEEeT MHOIO OOLIero ¢ 3afadeld MOMCKa KpaTyaiiiero ImyTu Ha rpade.
B cBS13u ¢ 3TUM HAIIOMHUM OCHOBHBIE ONpEENeHUs TeOpur Tpados.

dopmanbHOE ompezeneHre rpada TakoBo: 334aHO0 KOHEYHOE MHOXKECTBO X, COCTOSIEE U3 71 dJe-
MeHTOB X =x',...,x", Ha3pIBaeMbIX 6epuiunamu rpada, ¥ MOAMHOKECTBO ¥ C X X X , Ha3pIBAEMOE MHO-
JKEeCTBOM Oye Ui pebep. Torna epaghom G HazpIBaeTcsi COBOKYNHOCTE (X, V). Jlyry Mexay BeplInHaMu i

u j (i,je X) Gymem obosHauaTh uepes V', T.e. V ={v'}. Haepyacennvim epagpom G(X,V) HasbiBaeTcs
rpad, KaxxaoMmy peOpy KOTOPOTrO MOCTABIEHO B COOTBETCTBHE HEKOTOPOE YHCIIO, HA3BIBAEMOE GECOM.
HarpyskeHHblit rpad) MoxeT ObITh 3a71aH MaTpHled cMEXHOCTH T, JUI1 KOTOPOM 3JIEMEHT f; PaBeH Becy

pebpa v/ . Eciu pebpo v/ 0TCyTCTBYET, TO mojiaraeMm 1, =oo.
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(DyHAaMCHTaAI)HI)IC OCHOBBI HpO6A€M HAACKHOCTH M KAYECTBa

Kpamuaiiwum nymem L(x',x’) Ha HarpyKeHHOM rpad)e Ha3bIBAETCS MOCIIEN0BATENLHOCTD BEPIIUH C
HauMEHBIIUM CYMMapHBIM BECOM COENWHSIONMX uX pebep. Hamma 3amaga 3akirodaercs B HaXOXKICHHUH
L(x',x").

[IponmmocTpupyeM Bce 3TH MOHATHS Ha MPOCTOM MpUMeEpe, MpenioxkeHHoM B [13], caenas npenasa-
pUTeNbHOE TIPeobpa3oBaHNe KOOPAHHAT. PacronoknM ock abCIMCC B0 TIPSMOH, coeauHsiomel x° n X,
¥ TIOMECTHM HA4ajo KoopauHaT B Touky x° (puc. 1). B kauectBe BepmmH rpada BessmeM x' =x°, x" =%,

a TaKkKe TOYKM KPYTOBBIX HPENATCTBUI ¢ MUHHMAJIBHOM M MaKCHMAJbHOH OpAMHATaMHU, KaK MOKa3aHO
Ha puc 1.

MepemenHan x2

0 2 4 & 8 10 12 14
Nepemennan x1

Puc. 1. Bepumnsl rpada G(X,V)

[Ipu nocTpoeHnH MaTpULBI CMEXHOCTH OyJeM UCXOIUTD U3 CIACAYIOIUX OrPaHUYCHUI:
— Jlyra MeXJly BEPIIMHAMA X' U X’ OTCYTCTBYET, T.€. f; =°°, €CIIM BEPIIUHbI IPUHAUIEKAT OJHOMY

U TOMY K€ KPyTOBOMY HPEISTCTBUIO;
— 1 10001 gyru v/ BBINOJHAETCS yCIOBUE i < j, T.€. rpad) CUUTACTCS] OPUCHTUPOBAHHBIM;

— mobast ayra v/ npejcTaBiser co6oii IIaaKy KPUBYIO, COSIMHAIONIY0 BEPIIMHLL X' H X ;

— nyra V' cuMTaeTcs OTCYTCTBYIOMIEH, €CIIM OHA COIEPKUT TOYKH KPYyra, KOTOPOMY HE MPHHAIIEHKAT
BEPIIMHBI X' ¥ X7 .

B kauecTBe Beca #; # oo qyru v/ NPUHAMAETCS MHHHMAIBHOE BPEMS MEPEMEILICHHs PoboTa U3 X' B
x’ ¢ y4eToM TOro, 4To Mo KpUBOJMHEHHOMY y4acTKy JyTH POOOT MOKET JABMIaThCs C MUHMUMAIBHON CKO-
POCTBIO 1~ , @ U3MEHEHHE CKOPOCTH MPOUCXOIUT C yCKOPEHUAMH O M () , NPEJACTaBss coboil Henpe-
PBIBHYIO KyCOYHO-THHEHHYI0 (yHKIMIO. BRIUnCIICH e £; TPH STHX yCIOBHUSX HE IPEICTABIIAET TPy /Ia.

JlelicTBATENBHO, IyCTh TPEOYETCs BBIYUCIUTD BPEMSL £; TIEPEXO/a OT BEPIUHHbI x' K BepmmHe x’, HpH-

yeM [ =1 j#n. BbluuciuM KOOPOMHATHI TOYKH z Ha OKPYXHOCTU C LIEHTPOM ¢’ U PaguycoM 7,, KOTOPOH

s

NPHHAICKUT BepiiuHa x’ . M3 yCIOBHS IJIaJKOCTH MEpexona OT ABMKEHHUs 10 MPAMOIUHEHHOMY yYacTKy
[x',z] K ABMIKEHHUIO 11O yTe OKPYXKHOCTH [z, x’ ] TOUKa z ABISETCS PEIIEHUEM CUCTEMBI YPABHEHHM
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(z=x',z=¢C");
Pz-c'P* =717 (17)

s
T B W

z r-lx-x,|

JIBIDKEHHUE 110 TPSIMOIMHEHHOMY YYacTKy [x',z] COCTOMT M3 JBYX HJIM TPEX COCTABISIOINX B 3aBH-
CHMOCTH OT JUIMHBI 9TOT0 y4acTka /, = Px' — zP . CHa4ana poOOT pasroHsAeTcs 0 MAKCUMAIbHONW CKOPOCTH

u" ¢ yCKOpPEHHEM (0, 3aTEM JIBUKETCS C IMOCTOSHHOMW CKOPOCTBIO ' M, HAKOHEL, ¢ TOPMO3HT C yCKOpE-
HHEM () , HAYMHAs C TAKOTO MOMEHTA, YTOOBI B TOYKE z CKOPOCTH ObLIA paBHA u . BelUMCIHM BpeMs, 3a
KOTOpPOE pOOOT PA3sTOHUTCS O HEKOTOPOW CKOPOCTH i B MPEIINOJIOKEHUH, YTO OIPAHUUCHUE CBEPXY Ha
JOMYCTUMYIO CKOpOCTh u* orcyTcTByeT. O603HaUMM ero uepe3 1,, a yepe3 1, — BpeMsi TOPMOKEHHUSI CO

CKOPOCTH # 10 u . JIerko mpoBeputh, 4to 1, ¥ T, ABISIOTCS PEIICHUEM CHCTEMBbI ypaBHEHUMH
10 -1,0 =u;
1 0 =uU

Po -to =21,

Ecmu npu 3toM 1 = T,0" <u”, TO BpeMs IMPOXOXKIEHUS POOOTOM NPSMOIMHEHHOTO y4acTKa paBHO
t, =7, +71,. B npoTuBHOM ciy4ae f, =T, + 1T, +1T,, TAe
T=u /o,
P
TL,=Ww -u)/ o,
T,=02L-To -Tw )/ 2u’.

JBmwxenue 1o ayre [z,x’], anuHa KOTOpOW paBHa [ =7,(z,/z,), O YCIOBHIO OCYLIECTBISETCS C

IIOCTOSIHHOH CKOPOCTBIO u . CJ'IG,Z[OBaTeJ'ILHO, BpeMs, 3aTPAYCHHOC HAa NEPEMCHICHUEC 10 3TOMY YYACTKY,

paBHO t, =1, /u" . Takum obpasom, f; =1, +1,.
Brrunciaenue Ly s
HE3HAYHMTEIbHBIX HI0aHCOB. Eciin i #1 u j # 1, To cuctema, nojo0Has (17), 3aBUCHT OT JBYX HEPEMEHHBIX

Korga [ #1 W j=n, IPOUCXOOUT MO aHAJIOTHYHBIM (QOpMYJIaM 3a UCKIIOUCHHEM

Z, M z,, ABJISIOIIMXCS TOYKAMHU OOIIEH KacaTelbHOI K OKPY/KHOCTSIM, COJEPKAIMM BEPIIMHEI Tpada X' |

x’ . OZIHAKO pELIEHHE TON CUCTEMBI TAKIKE HE COCTABIISIET TPY/IA.
Jist nocTpoeHust MuUHMMaNbHOTO mytd L(x',x") Ha rpade G(X,V) CyleCTBYeT psii alrOPUTMOB.

[TpuBeaeM OIMH U3 HKUX, 0003HAYMB Yepe3 / MHOKECTBO MHJIEKCOB BCeX BepuivH rpada, yepes I — MHOKe-
CTBO MH/ICKCOB IOMEYCHHBIX BEpIHH, a yepe3 I~ =1\ /" — MHOXEeCTBO HHICKCOB HEIIOMEUCHHBIX BEPIIIUH.

Aaroputm. (E. leiikctpa [14] )

Hlae 1. Monoxuts k=0, s=1, A,(x")=0, I" ={l}, A, (x")=c mna ic [ .

Ulae 2. Tlonoxuts k=k+1.Ecmm I™ =%, To nepeditu k mary 4. B mpoTHBHOM CiTydae TOJI0KHUTh

A (xP)y=min{d_ (x"), A, (x")+2,}, L, <o, pel,
}“k(xj) :hk—l(xj) , JEL , j#p.

HLlaz 3. Ecn A, (x’)=oc0 muis Bcex je I, TO mepeiitu K mary 4. B npoTuBHOM citydae BEIOpATh s
u3 ycnoBust A, (x*) = minje M (x’) . Tonoxuts I* =1" U {s} nnepeiitu K mary 2.

Llaz 4. TIocTpOUTh NOCIENOBATEIBHOCTh UHACKCOB BEPIUHH, OTBEYAIOIIMX MUHUMAIBHOMY IIyTH,
NIpY 3TOM BepiiuHa X, MpeiecTByIomas BepIiinHe x", olpeaesnsieTcs 3 COOTHOIICHHSI

A (x)+t, =k (x").

]
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3aTeM ompeienseTcs BepIINHA, IPeANIeCTBYONas BepIuHe x*, ¥ T.J. 0 BEPIIMHEI X' .

KoppekTHocTh airopuTMa JOKa3bIBAE€TCS HHIAYKUUEH [0 HOMEPY HWTEPALMH, a BBIYUCIHUTEIbHAS
CJIOXKHOCTPH aJITOPUTMa OKa3bIBaeTCS KBaIpaTHaHOH (cMm. [14, 15]).

Ha puc. 2 moka3zan MUHUMaIBHBIA MyTh, MOJIYYECHHBIA aIrOpUTMOM JIEHKCTPHI IJIsl IpuMepa U3 pa-
6orel [13] mpu u~ =1,4, u* =10,0, ® =80,0, & =-150,0.

TpaeKTopHA MeToOa

MepemenHan X2

o 4
=
=
=
fa
=
o

2 4 [
NepeMeHian x1

Puc. 2. Tpaekropus merona

Bpemsi mpoxoskaeHuss pobotoM 1yt L(x',x") coctaBuno f=1,8287, uro Gonee yeM B 1Ba pasa

MIPEBOCXOINT Pe3yIbTaThI, IPHBeIeHHBIC B padote [13].

Ha puc. 3 mpuBeneH rpaduk JIMHEHHONH CKOPOCTH poOOTa HA MPOTSHKEHWH MHHHMAIBLHOTO ITYTH.
OueBuHO, YTO MOJOKEHUE PYJIISl I KOJIEC TEXHUYECKOIO YCTPOMCTBA JOKHO MEHATHCS MPH MEPexoe
OT NPSIMOJIMHEHHOT0 JBMXKEHMS K ABHMKECHUIO 110 OKPYKHOCTH, U Ha000poT. BaxHO Takxke OTMETHTH, YTO

YBCIIMYCHUEC CKOPOCTH MPOXOKACHUA KpHBOJ’IHHeﬁHHX Y4aCTKOB TPACChl 40 3HAYCHUA u = 2,0 MpUBOAUT

K UBMCHCHHIO TPACKTOPUHN ABHUKCHHA U, YTO €CTECTBCHHO, K YMCHBIICHUIO 3HAYCHUA f .

padink CKOpOCTH HA Tpacce

L

12

[N Y Y U | (N [ N

EE N

Puc. 3. I'paduk ckopoctu Ha Tpacce
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